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Abstract
Superconformal Ward identities for N=1 supersymmetric quantum field theories in four dimen-
sions are convenienty obtained in the superfield formalism by combining diffeomorphisms and
Weyl transformations on curved superspace. Using this approach we study the superconformal
transformation properties of Green functions with one or more insertions of the supercurrent to
all orders in perturbation theory. For the case of two insertions we pay particular attention to
fixing the additional counterterms present, as well as to the purely geometrical anomalies which
contribute to the transformation behaviour. Moreover we show in a scheme-independent way
how the quasi-local terms in the Ward identities are related to similar terms which contribute
to the supercurrent two and three point functions.
Furthermore we relate our superfield approach to similar studies which use the component
formalism by discussing the implications of our approach for the components of the supercurrent
and of the supergravity prepotentials.
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1 Introduction
Superconformal symmetry is an important structure in supersymmetric theories since the
superconformal algebra is a natural extension of the supersymmetry algebra. In particular,
superconformal symmetry has been used for the construction of correlation functions
recently [1], [2]. In the superfield approach where supersymmetry is manifest, the central
object for investigations of superconformal symmetry is the supercurrent. This is an
axial vector superfield which contains among its components the R and supersymmetry
currents as well as the energy-momentum tensor. All currents of the superconformal
group may be constructed as space-time moments of the supercurrent. In this respect the
supercurrent plays the same role for supersymmetric theories as the energy-momentum
tensor for non-supersymmetric theories.
To pursue this analogy further it is natural to couple the supercurrent to the appropriate
prepotential of a curved superspace background within the superfield approach, just as in
a non-supersymmetric theory the energy-momentum tensor is coupled to the metric gµν
of a curved space background. The combination of superdiffeomorphisms and super Weyl
transformations on curved superspace yields the superconformal transformations when
restricting to flat superspace, again in close analogy to the non-supersymmetric situation.
This provides a generic method for deriving superconformal Ward identities, in particular
for Green functions involving the supercurrent. Multiple insertions of the supercurrent
are conveniently generated by varying an appropriate number of times with respect to the
supergravity prepotential.
In quantum field theory, conformal symmetry is expected to be broken by hard anoma-
lies in general. These manifest themselves as symmetry breaking terms in the Ward
identities. In a recent paper [3], it was shown in a perturbative approach to all orders in
~ that for the Wess-Zumino model on curved superspace there are no further dynamical
anomalies than those known from broken scale invariance, characterised by the β and γ
functions. However there are also purely geometrical anomalies which are discussed in [4].
These involve a number of terms, among which are the supersymmetric Gauß-Bonnet and
Weyl densities. Since the geometrical anomalies are of second order in the curvature, they
contribute to the Ward identities for Green functions involving two or more insertions of
the supercurrent.
We use the approach to supergravity presented in [5]. In addition to the prepotential
coupled to the supercurrent there is also a chiral compensator which plays an important
role for determining the terms breaking superconformal symmmetry. For a consistent
off-shell formulation we consider also the superconformal transformation properties of
dynamical fields. Similar Ward identities have been discussed in [6], though only to
first order in the supergravity fields. Moreover our approach yields the superconformal
transformation properties of the supercurrent in a natural way, thus extending results for
scalar superfields of [7]. A related though slightly different approach which also considers
Ward identities for double supercurrent insertions may be found in [2].
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For a careful treatment of double insertions we consider the renormalisation of com-
posite operators following the approach of Zimmermann [8], [9]. This yields scheme-
independent expressions for Green functions with two or more insertions in a simple way.
The renormalisation of double insertions requires additional counterterms involving the
external fields, as discussed in [10]. In our case the form of these counterterms is restricted
by the requirement of superdiffeomorphism invariance for the background supergravity
theory.
To illustrate our approach to superconformal Ward identities, we consider the non-
supersymmetric case first in section 2 below and show how classical conformal Ward
identities for the energy-momentum tensor are derived. In section 3 we introduce diffeo-
morphisms and Weyl transformations on curved superspace, emphasising the restrictions
which have to be imposed in order to recover the superconformal transformations when
restricting to flat superspace. In section 4 we derive superconformal Ward identities and
calculate the superconformal transformation properties of the supercurrent which they
imply. In section 5 we discuss the anomalies present in the quantised theory. The super-
conformal transformation properties of Green functions with one and two insertions ot the
supercurrent are discussed in section 6, paying particular attention to the contributions
arising from purely geometrical anomalies. In section 7 we discuss the energy-momentum
tensor and further currents of the supersymmetric theory. By considering the relevant
components of the supercurrent and of the supergravity prepotentials, we show in par-
ticular that the energy-momentum tensor is coupled to the metric as expected. Some
concluding discussions may be found in section 8.
2 Conformal Transformations
In field theories on flat space, the energy-momentum tensor Tmn is defined as the conserved
current associated with translation invariance. This energy-momentum tensor may be
coupled to the metric of a curved space background according to
Tmn = 2
1√−g
δΓ
δgmn
, (2.1)
where Γ is the action obtained from the original flat-space action via the Noether proce-
dure.
On curved space the energy-momentum tensor is the conserved current associated with
diffeomorphism invariance. Infinitesimal diffeomorphisms are given by the Lie derivative
such that for a coordinate transformation xm → xm − vm we have
δvg
mn = Lvg
mn = vl∂lg
mn − ∂lvmgnl − ∂lvngml = −∇mvn −∇nvm (2.2)
for the infinitesimal transformation of the metric.
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For Weyl transformations or local rescalings, the infinitesimal transformation of the
metric is given by
δσg
mn = −2σgmn (2.3)
with σ(x) an arbitrary function. Requiring the metric to be invariant under the combi-
nation of diffeomorphisms and Weyl transformations we have
0 = −(δv + δσ)gmn = ∇mvn +∇nvm + 2σgmn . (2.4)
This requires that σ is restricted to σ = σ(v) in four dimensions, with
σ(v) = −14∇ · v . (2.5)
On flat space (2.4) becomes
∂mvn + ∂nvm = −2σ(v)ηmn , (2.6)
which is the well-known conformal Killing equation defining conformal transformations
on flat space.
The diffeomorphism transformation properties of the field theory given by Γ may be
studied by means of an appropriate Ward identity. For example for an action Γ involving
a dynamical scalar field ϕ besides the metric, we have a diffeomorphism Ward identity of
the form
δvΓ[g, ϕ] =
∫
d 4x
(
Lvg
mn δΓ
δgmn
+ Lvϕ
δΓ
δϕ
)
≡
∫
d 4x
√−g vmw(v)m(g, ϕ)Γ , (2.7)
where we have used (2.4) and (2.1) as well as gmn = g(mn), Lvϕ = v
m∂mϕ, and
w(v)m(g, ϕ) ≡ w(v)m(g) + w(v)m(ϕ) , (2.8)
where w(v)m(g) = 2∇n
(
(−g)− 12 δ
δgmn
)
, w(v)m(ϕ) = (−g)− 12 ∂mϕ δ
δϕ
,
is a local Ward operator. If Γ is diffeomorphism invariant, δvΓ[g, ϕ] = 0, we have using
(2.1)
w(v)m(ϕ)Γ = −∇nTmn (2.9)
since vm(x) is arbitrary. Therefore diffeomorphism invariance implies conservation of the
energy-momentum tensor since w(v)m(ϕ)Γ vanishes if the equations of motion are imposed.
The Weyl transformations may be discussed in a similar fashion. For the Weyl trans-
formation of the action Γ[g, ϕ] we have
δσΓ[g, ϕ] =
∫
d 4x
(
δσg
mn δΓ
δgmn
+ δσϕ
δΓ
δϕ
)
≡
∫
d 4xσw(σ)Γ , (2.10)
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where
w(σ)(g, ϕ) = −2gmn δ
δgmn
− dϕϕ δ
δϕ
, (2.11)
and dϕ is the scale dimension of ϕ. We allow for the action W not to be Weyl invariant in
general. The breakdown of Weyl symmetry is then expressed by the local Ward identity
(−g)− 12w(σ)(g, ϕ)Γ = −T , (2.12)
with T a scalar density. Using (2.1) the imposition of the equation of motion yields
Tmm = T (2.13)
such that Weyl invariance, T = 0, is equivalent to the tracelessness of the energy-
momentum tensor.
For Weyl transformations for which σ is restricted by (2.5), the transformations under
diffeomorphisms and Weyl transformations may be combined into one single equation by
adding (2.9) and (2.12). Since now the arbitrary function v is common to both transfor-
mations we have
δvΓ[g, ϕ] + δσΓ[g, ϕ] =
∫
d 4x
√−gvmwm(g, ϕ)Γ , (2.14)
wm(g, ϕ)Γ = −14∇mT , (2.15)
where wm(g, ϕ) = 2∇n((−g)− 12 δ
δgmn
)− 1
2
∇m((−g)− 12 gkl δ
δgkl
)
+ (−g)− 12 ∂mϕ δ
δϕ
− dϕ
4
∂m((−g)− 12 ϕ δ
δϕ
) . (2.16)
(2.15) is referred to as the conformal Ward identity. When restricting to flat space, (2.15)
reduces to
wn(ϕ)Γ = −∂m(Tmn − 14ηmnT ll)− 14∂nT , (2.17)
where the Ward operator
wm(ϕ) = ∂mϕ
δ
δϕ
− dϕ
4
∂m(ϕ
δ
δϕ
) (2.18)
generates the conformal transformations of the flat space theory in a consistent off-shell
formalism. The r.h.s. of the flat space conformal Ward identity (2.17) consists of the
divergence of the improved traceless current T ′mn ≡ Tmn − 14ηmnTll and of the trace term
T which breaks the conformal symmetry.
In quantum field theories conformal symmetry is expected to be broken by anomalies. It
is desirable to impose diffeomorphism invariance such that the energy-momentum tensor
remains conserved. Then the breakdown of conformal symmetry is entirely determined
by the breakdown of Weyl symmetry.
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3 Superconformal Transformations
Let us now consider the supersymmetric case3. In analogy to the previous discussion, su-
perconformal transformations are given by the flat space restriction of the combination of
superdiffeomorphisms and super Weyl transformations on curved superspace. Within the
superfield formalism we consider the class of supergravity theories which are characterised
by two prepotentials, the vector superfield H and the chiral compensator φ as well as its
chiral conjugate φ¯. These fields, which are all dimensionless, play the same role as the
metric gmn in the non-supersymmetric case. We note that there are two geometrical fields
in this case, whereas there is only one in the non-supersymmetric situation. The discus-
sion below demonstrates which properties of gmn are attributed to the two independent
fields H and φ respectively.
The real axial vector superfield H may be expanded in the basis
H = Ha∂a +H
αDα + H¯α˙D¯
α˙ +HαβMαβ + H¯
α˙β˙Mα˙β˙ , (3.1)
where
DA ≡ (∂a, Dα, D¯α˙) (3.2)
are the well known partial and flat space supersymmetry derivatives respectively, which
span the tangent space. Mαβ and Mα˙β˙ are the generators of infinitesimal local Lorentz
transformations, which act on spinor indices only. The chiral compensator is a scalar
which satisfies the chirality constraint
D¯α˙φ = 0 . (3.3)
The field H is at the heart of the construction of supercovariant derivatives, which are
the covariant derivatives associated to the group of superdiffeomorphisms on curved su-
perspace. These derivatives are denoted by
DA ≡ (Da,Dα, D¯α˙) , (3.4)
which reduces to (3.2) in the flat superspace limit given by H = 0, φ = 1. The details of
the construction of the supercovariant derivatives may be found in chapter 5 of the book
[5] (see also paper I). It should be noted that throughout this paper we use the curved
space chiral representation which is analogous to the flat space chiral representation in
which all fields Φ˜ are replaced by Φ = eiθσ
a θ¯∂aΦ˜. Complex conjugation of Φ in the chiral
representation yields Φ¯ in the antichiral representation. On curved space, the chiral
representation expression for the conjugate of Φ is given by e2iHΦ¯.
3In our conventions the metric has diagonal elements (+1,−1,−1,−1).The covariant derivatives satisfy
{Dα, D¯α˙} = 2iσaαα˙∂a.
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The superdiffeomorphisms are given by a complex superfield Λ and its conjugate Λ¯,
which may be expanded in the basis of (3.1),
Λ = Λa∂a + Λ
αDα + Λα˙D¯
α˙ + ΛαβMαβ + Λ
α˙β˙Mα˙β˙ ,
Λ¯ = Λ¯a∂a + Λ¯
αDα + Λ¯α˙D¯
α˙ + Λ¯αβMαβ + Λ¯
α˙β˙Mα˙β˙ , (3.5)
where Λ is in the chiral and Λ¯ in the antichiral representation. The diffeomorphisms Λ
and Λ¯ are restricted by requiring the covariant transformation laws
DA −→ eΛDAe−Λ , DA −→ e−Λ¯DAeΛ¯ (3.6)
for the supercovariant derivatives. These requirements impose the constraints
D¯β˙Λ
αα˙ = 4iΛαδα˙
β˙
, D¯β˙Λ
α = 0, Λα˙β˙ = −D¯(α˙Λβ˙) , (3.7)
and similar relations for the components of Λ¯ which may be obtained by complex con-
jugation. The diffeomorphism transformation properties of the prepotential H are given
by
e2iH −→ eΛe2iHe−Λ¯ , (3.8)
which are analogous to the gauge transformations of a non-abelian gauge field. By im-
posing the additional constraints
Λα˙ = e
2iHΛ¯α˙ , Λαβ = e
2iHΛ¯αβ , (3.9)
H may be reduced to the simpler form
H = Hαα˙Dαα˙ , (3.10)
where all other components of H vanish. The diffeomorphism transformation properties
of the chiral compensator are given by
φ3 → φ3 e←−Λc , Λc = ΛaDa + ΛαDα (3.11)
in the chiral representation, and
φ¯3 → φ¯3 e
←−
Λ¯c , Λ¯c = Λ¯
aDa + Λ¯α˙D¯
α˙ (3.12)
in the antichiral representation. The constraints (3.7) may be solved in terms of a complex
superfield Ωα,
Λαα˙ = iD¯α˙Ωα , Λα = 1
4
D¯2Ωα . (3.13)
Equation (3.13) determines Ωα uniquely up to a chiral field. Correspondingly for Λ¯ we
have
Λ¯αα˙ = iDαΩ¯α˙ , Λ¯α˙ = 1
4
D2Ω¯α˙ . (3.14)
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(3.9) and its conjugate ensure that Λα˙ is a function of Ω¯α˙ and Λ¯
α is a function of Ωα.
The super Weyl transformations are given by superfields σ, σ¯ which satisfy D¯α˙σ = 0,
Dασ¯ = 0. For the Weyl transformation properties of the prepotentials we have
H −→ H, φ −→ eσφ, φ¯ −→ eσ¯φ¯. (3.15)
It is crucial to note that H is a Weyl invariant.
We now perform the same analysis as discussed above for the non-supersymmetric case
and combine the infinitesimal diffeomorphisms and Weyl transformations of the prepoten-
tials. Restricting to flat superspace we thus obtain the superconformal transformations.
The infinitesimal transformations are obtained by expanding (3.9), (3.11) and (3.15) for
small Λ, Λ¯, σ, σ¯, which yields
δH = δΛ,Λ¯H , δφ = δΛφ+ δσφ , δφ¯ = δΛ¯φ¯+ δσ¯φ¯ , (3.16)
where
2iδΛ,Λ¯H = Λ− Λ¯− 12 [2iH,Λ + Λ¯] + 112 [2iH,
[
2iH,Λ− Λ¯]]+O(H3) ,
δΛφ = Λφ+
1
3
(
Dαα˙Λαα˙ +D
αΛα
)
φ , δΛ¯φ¯ = Λ¯φ¯+
1
3
(
Dαα˙Λ¯αα˙ + D¯α˙Λ¯
α˙
)
φ¯ ,
(3.17)
δσφ = σφ , δσ¯φ¯ = σ¯φ¯ . (3.18)
The three independent conditions
0 = δH , (3.19a)
0 = δφ , 0 = δφ¯ , (3.19b)
for the variations of (3.16), which extend (2.4) to the supersymmetric case, require that
to lowest order in the prepotentials
Λ = Λ¯ , (3.20a)
σ = −1
3
(
Dαα˙Λαα˙ +D
αΛα
)
, σ¯ = −1
3
(
Dαα˙Λ¯αα˙ + D¯α˙Λ¯
α˙
)
. (3.20b)
These conditions are the superspace analogue of (2.5). In terms of Ω, Ω¯, these three
conditions are given by
D¯α˙Ωα = DαΩ¯α˙ , (3.21a)
σ = − 1
12
D¯2DαΩα , σ¯ = − 112D2D¯α˙Ω¯α˙ . (3.21b)
(3.21a) is on its own a necessary and sufficient condition for Ω to contain the supercon-
formal coordinate transformations. The most general solution for Ω satisfying (3.21a) is
given by
Ωα(z) = − i
2
σa
αα˙θ¯α˙ v
a(x) + 1
8
(∂ava − 8i r)
− θ¯2ζα(x) + 2θαθ¯α˙ζ¯ α˙(x) (3.22)
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with
va(x) = ta − (ωab − ωba) xb + d xa − ka x2 + 2kb xbxa ,
ζα(x) = qα + σaαα˙s¯α˙xa .
va(x) satisfies the conformal Killing equation (2.6). The term with parameter r in (3.22)
corresponds to the R transformations, the terms in va correspond to translations (ta),
Lorentz transformations (ωab), dilatations (d) and special conformal transformations (ka)
respectively. qα and s¯α˙ in ζ
α are the parameters of supersymmetry and special supersym-
metry transformations. For Ω given by (3.22) the Weyl transformation parameter σ in
(3.21b) is given by
σ = 2
3
ir − d+ 4isαθα − 2kaxa + 2iθσaθ¯ka , (3.23)
such that σ is non-zero only for the R transformations, dilatations, special supersymmetry
and special conformal transformations.
The imposition of the conditions (3.21b) allows to combine the infinitesimal diffeomor-
phism and Weyl transformations of the prepotentials and also of possible dynamical fields
into a single transformation even on curved space, independently of whether (3.21a) is
imposed or not. For vector superfields like H the combined transformation depends on
both Ω, Ω¯ whereas for chiral fields like φ the combined transformation depends only on
Ω. For antichiral fields like φ¯ it depends only on Ω¯.
4 Supercurrent and Ward identities
The supercurrent Va is the real axial vector superfield which contains the R and super-
symmetry currents as well as the energy-momentum tensor among its components. It is
the basic ingredient for constructing all currents of the superconformal group. On curved
superspace it is natural to couple the supercurrent to the supergravity field Hαα˙ as given
by (3.10),
Vαα˙ = 8
δΓ
δHαα˙
, (4.1)
in the same way as the energy-momentum tensor is coupled to the metric in (2.1). A
difference to the non-supersymmetric case is that here there is no need for a density factor
involving a determinant. This is due to the fact that we perform a so-called ‘background-
quantum splitting’ [5], [11]. The background around which we expand in terms of Hαα˙
is flat superspace for which the determinant is equal to one. It should be noted that
the expression ’background-quantum splitting’ is misleading in our context since Hαα˙ is
a classical field.
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Just as in section 2 we may consider diffeomorphism and Weyl symmetry Ward identi-
ties. For later convenience it is useful to define a chiral dimensionless field J by
φ ≡ eJ = 1 + J + 1
2
J2 + . . . , (4.2)
such that flat superspace is characterised by vanishing external fields H = 0, J = 0 rather
than by H = 0, φ = 1. From its definition and the transformation properties of φ the
infinitesimal transformations of J are given by
δJ = ΛJ + 1
3
(Dαα˙Λαα˙ +D
αΛα) + σ . (4.3)
For the Ward identities we consider as an example a Wess-Zumino type action
Γ[H, φ, φ¯, A, A¯] on curved superspace, with chiral matter fields A. In addition to the
transformation properties (3.16) for the prepotentials we have
δΛA = ΛA , δσA = −σA , δΛ¯A¯ = Λ¯A¯ , δσ¯A¯ = −σ¯A¯ (4.4)
for the diffeomorphism and Weyl transformation properties of the dynamical fields A, A¯.
For the diffeomorphisms local Ward operators w
(Λ)
α (H), w¯(Λ)α˙(H) are defined by∫
d 8z δΛ,Λ¯H
αα˙ δΓ
δHαα˙
=
∫
d8z δΩH
αα˙ δΓ
δHαα˙
+
∫
d8z δΩ¯H
αα˙ δΓ
δHαα˙
=
∫
d8zΩαw(Λ)α(H)Γ +
∫
d8z Ω¯α˙w¯
(Λ)α˙(H)Γ (4.5)
in an expansion around flat space, where (3.9), (3.13) and (3.14) have been used to
express Λ, Λ¯ in terms of Ω, Ω¯. The explicit expression for w(Λ)α(H) and all other local
Ward operators is given in appendix A.1. In an expansion around flat space, the operator
w(Λ)α(H), which incorporates the transformation law (3.8), is given by a power series in
Hαα˙. For J ,J¯ the local diffeomorphism Ward operators are defined by∫
d8z δΛJ
δΓ
δJ
=
∫
d8z Ωαwα
(Λ)(J)Γ ,
∫
d8z δΛ¯J¯
δΓ
δJ¯
=
∫
d8z Ω¯α˙ w
α˙(Λ)(J¯)Γ , (4.6)
and for the dynamical fields by∫
d8z δΛA
δΓ
δA
=
∫
d8z Ωαwα
(Λ)(A)Γ ,
∫
d8z δΛ¯A¯
δΓ
δA¯
=
∫
d8z Ω¯α˙ w
α˙(Λ)(A¯)Γ . (4.7)
For a diffeomorphism invariant action Γ we have
wα
(Λ)(H, J,A)Γ ≡ (wα(Λ)(H) + wα(Λ)(J) + wα(Λ)(A))Γ = 0 , (4.8)
w¯α˙
(Λ)(H, J¯, A¯)Γ ≡ (w¯α˙(Λ)(H) + w¯α˙(Λ)(J¯) + wα˙(Λ)(A¯))Γ = 0 , (4.9)
since Ω, Ω¯ are independent and arbitrary.
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Similarly for the Weyl transformations we have∫
d6z
(
δσA
δΓ
δA
+ δσφ
δΓ
δφ
)
=
∫
d6z σ w(σ)(A, J)Γ , (4.10)
w(σ)(A, J) =
δ
δJ
−A δ
δA
.
from which the expression for w¯(σ)(A¯, J¯) is obtained by complex conjugation. The action
Γ is not Weyl invariant in general. Terms breaking Weyl symmetry are denoted by S, S¯,
w(σ)(A, J)Γ = −3
2
S , w¯(σ)(A¯, J¯)Γ = −3
2
S¯ . (4.11)
For Weyl transformations restricted by (3.21b) we have∫
d6z σ w(σ)(A, J) Γ =
∫
d8zΩαwα
(σ)(A, J) Γ (4.12)
with wα
(σ)(A, J) = 1
12
Dαw
(σ)(A, J) , (4.13)
which yields
wα
(σ)(A, J)Γ = −1
8
DαS . (4.14)
For the antichiral transformation with parameter σ¯, similar expressions are obtained by
complex conjugation again. The Weyl identity given by (4.13) may be combined with the
diffeomorphism identity (4.8),
wα(A,H, J)Γ ≡
(
wα
(Λ)(A,H, J) + wα
(σ)(A, J)
)
Γ = −1
8
DαS (4.15)
with wα(A,H, J) the Ward operator for the combined chiral diffeomorphism and Weyl
transformations of H , J and A. When restricting to flat space, H = 0, J = 0 (4.15) yields
−16wα(A)Γ = D¯α˙Vαα˙ + 2DαS (4.16)
with wα(A) the combined Ward operator for diffeomorphism and Weyl transformations
of the dynamical field A. This equation may be combined with its conjugate to yield
8i(Dαwα − D¯α˙w¯α˙)Γ = ∂aVa − i(D2S − D¯2S¯) . (4.17)
By combining (4.16) with its conjugate we have tacitly assumed the validity of the condi-
tion for conformal transformations, D¯α˙Ωα = DαΩ¯α˙, as given by (3.21a). Therefore (4.17)
describes the superconformal transformation properties of the flat space theory and thus
is the supersymmetric equivalent of (2.17).
With these results we may obtain the transformation properties of the supercurrent.
For independent Ω, Ω¯ we obtain by varying (4.15) and its conjugate separately with
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respect to Hββ˙(z′), using (4.1) and the expressions of appendix A.1, and subsequently
restricting to flat space
wα(A)(z)Vββ˙(z
′) =− 1
16
D¯α˙Gαα˙ββ˙(z, z
′)
− 1
4
(
D¯α˙({Dα, D¯α˙}δ8(z − z′)Vββ˙) + {Dβ, D¯β˙}D¯α˙(δ8(z − z′)Vαα˙)
+ D¯2(Dαδ
8(z − z′)Vββ˙)
)
−Dα δS(z)
δHββ˙(z′)
∣∣∣
H=J=0
, (4.18a)
w¯α˙(A¯)(z)Vββ˙(z
′) =− 1
16
DαGαα˙ββ˙(z, z
′)
+ 1
4
(
Dα({Dα, D¯α˙}δ8(z − z′)Vββ˙) + {Dβ, D¯β˙}Dα(δ8(z − z′)Vαα˙)
−D2(D¯α˙δ8(z − z′)Vββ˙)
)
− D¯α˙ δS¯(z)
δHββ˙(z′)
∣∣∣
H=J=0
, (4.18b)
where we have defined
Gαα˙ββ˙(z, z
′) ≡ 64 δ
2Γ
δHαα˙(z)δHββ˙(z′)
∣∣∣
H=0,J=0
. (4.19)
Furthermore our construction enables us to derive the superconformal transformation
properties of the supercurrent for each of the different superconformal coordinate trans-
formations explicitly. For this we consider the local curved space Ward identity (4.15) in
its integrated form,
W (A,H, J)Γ = −1
8
∫
d 8z
(
ΩαDαS + Ω¯α˙D¯
α˙S¯
)
, (4.20)
W (A,H, J) =
∫
d8z
(
Ωαwα(A,H, J) + Ω¯α˙w¯
α˙(A¯, H, J¯)
)
. (4.21)
By varying this equation with respect to Hαα˙(z), using D¯α˙Ωα = DαΩ¯α˙ such as to obtain
the superconformal transformations, and restricting to flat space we obtain
W (A)Vαα˙ =
1
4
({
Dβ , D¯β˙
} (
D¯β˙ΩβVαα˙
)
+
( {
Dα, D¯α˙
}
D¯β˙Ωβ
)
Vββ˙ +D
β
(
D¯2ΩβVαα˙
))
− 12
∫
d6z σ
δS
δHαα˙
+ c.c. . (4.22)
In the superconformal case where the S terms vanish we have
δVαα˙ =
1
4
({
Dβ , D¯β˙
} (
D¯β˙ΩβVαα˙
)
+
( {
Dα, D¯α˙
}
D¯β˙Ωβ
)
Vββ˙ +D
β
(
D¯2ΩβVαα˙
))
+ c.c.
=
(
ta δPa + q
α δQα + q¯α˙ δ
Q¯α˙ + ωab δMab + r δ
R + d δD + sα δSα + s¯α˙ δ
S¯α˙ + ka δKa
)
Vαα˙ ,
(4.23)
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where we have inserted Ω as given by (3.22) to obtain the transformation properties for
the different superconformal coordinate transformations respectively, which yields
δPa Vαα˙ = ∂a Vαα˙ ,
δQγ Vαα˙ =
(
∂γ + iσ
a
γγ˙ θ¯
γ˙∂a
)
Vαα˙ ,
δQ¯γ˙ Vαα˙ =
(−∂¯γ˙ − iθγσaγγ˙∂a) Vαα˙ ,
δMab Vαα˙ =
(
xa∂b − xb∂a − i2θβ(σab)βγ∂γ + i2 θ¯β˙(σ¯ab)β˙ γ˙ ∂¯γ˙
)
Vαα˙
− i
2
(
(σab)α
βδα˙
β˙ − δαβ(σ¯ab)β˙ α˙
)
Vββ˙ ,
δR Vαα˙ = i
(
θγ∂γ + θ¯γ˙ ∂¯
γ˙
)
Vαα˙ ,
δD Vαα˙ =
(
3 + xa∂a +
1
2
θγ∂γ − 12 θ¯γ˙ ∂¯γ˙
)
Vαα˙ , (4.24)
δSγ Vαα˙ =
(
−xaσaγγ˙ δQ¯γ˙ + 2θγ δR − iθ2Dγ − 4iθγ
)
Vαα˙
+ 4iǫαγθ
β Vβα˙ ,
δS¯γ˙ Vαα˙ =
(
xaσ
aγγ˙ δQγ + 2θ¯
γ˙ δR + iθ¯2D¯γ˙ + 4iθ¯γ˙
)
Vαα˙
+ 4iδγ˙α˙θ¯
β˙ Vαβ˙ ,
δKa Vαα˙ =
(
2xa δ
D + 2xb δMab − 2xaxb∂b + x2∂a + 2θσaθ¯ δR + θ2θ¯2∂a
)
Vαα˙
− θσbθ¯
(
(σab)α
βδα˙
β˙ + δα
β(σ¯ab)
β˙
α˙
)
Vββ˙ .
These results may also be obtained by working on flat space only [12]. Using (3.5), (3.20),
(3.21), the transformation law (4.23) may be written in the form
δVαα˙ = ΛVαα˙ − 32(σ + σ¯)Vαα˙ (4.25)
as expected from the relation between superconformal transformations and diffeomor-
phisms and Weyl transformations discussed in section 3.
5 Local Callan-Symanzik equation
For the quantised theory we consider for definiteness the massless Wess-Zumino model
on a curved superspace background, which we quantise in a perturbative approach using
algebraic renormalisation [13]. For composite operators we use Zimmermann’s normal
product algorithm [8] in a version which allows for the treatment of massless fields. For
the quantised theory, the equation expressing the coupling of the supercurrent to the
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external supergravity field is given by
δ
δHa
Γ = 1
8
[Va] · Γ (5.1)
according to the action principle. Here Γ is the vertex functional and the square brackets
denote an insertion, a well-defined expression for a composite operator. Denoting the
dynamical chiral field of the Wess-Zumino model by A, (5.1) yields time-ordered 1PI
Green functions with an insertion of the supercurrent by virtue of
〈[V a(z)]A(z1) . . . A(zn)〉1PI = 18
δ
δA(zn)
. . .
δ
δA(z1)
δ
δHa(z)
Γ
∣∣∣
H=J=J¯=0,A=A¯=0
. (5.2)
In the classical approximation, (5.1) reduces to (4.1). Similarly we have
w(σ)Γ = −3
2
[S] · Γ , (5.3)
which reduces to (4.11) in the classical approximation. From (5.1) and (5.3), information
about the operators V and S may be extracted by performing a Legendre transform such
as to obtain Zc, the generating functional for connected Green functions, and by applying
the LSZ reduction formalism to Z = exp(iZc), the generating functional for general Green
functions.
In [3], [4] we have proved the validity of the local Callan-Symanzik equation(
w(σ) − γA δ
δA
)
Γ + βg[∂gLeff ] · Γ = C(H, J, J¯) (5.4)
to all orders in ~. Here w(σ) is the Weyl symmetry operator of (4.10), A is the dynamical
field, and βg and γ are the usual scale anomaly functions of the massless Wess-Zumino
model. Leff is an effective Lagrangian whose form is uniquely determined by symmetry
and renormalisation requirements. We have
Γeff =
∫
d6z Leff +
∫
d6z¯ L¯eff , (5.5)
where Γeff is the effective action in the sense of Zimmermann, from which the vertex
functions may be calculated. Γeff and Leff may be decomposed into
Γeff = Γdyn + Γgeom , Leff = Ldyn + Lgeom , (5.6)
where Ldyn contains terms involving the dynamical fields,
Ldyn =
1
32
zφ3A(D¯2 +R)e2iHA¯+ 1
48
gˆφ3A3 + 1
8
(ξ − ǫ)φ3RA2 + 1
8
ǫφ3(D¯2 +R)e2iHA¯2
+ terms linear in A, A¯ , (5.7)
and Lgeom contains the purely geometrical terms
Lgeom =
1
8
λ3L3 +
1
16
λRR¯LRR¯ , (5.8)
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where
L3 = φ
3R3 , LRR¯ = φ
3(D¯2 +R)(RR¯) . (5.9)
The couplings z, gˆ, ξ, ǫ, λ3 and λRR¯ have been determined in [3], [4] to all orders in ~
as power series in the classical coupling g. In (5.9), R is the superspace curvature scalar.
The superspace curvature prepotentials are given in appendix A.2.
The terms C(H, J, J¯) on the RHS of the local Callan-Symanzik equation (5.4) are
geometrical anomalies, which according to [4] are given by
C(H, J, J¯) = −1
8
(1− 2γ)utopLtop − 18(1− 2γ)uWeylLWeyl
+ 1
8
(
1
2
βg∂gλRR¯ − (1− 2γ)uRR¯
)
LRR¯
+ 1
8
(
1
2
(u3 + u
′
3)− 2γu′3
)
(L3 − L′3) , (5.10)
with LRR¯ as above and
Ltop = φ
3
(
W αβγWαβγ + (D¯
2 +R)(GaGa − 2RR¯)
)
LWeyl = φ
3W αβγWαβγ
L
′
3 = φ
3(D¯2 +R)R¯2 . (5.11)
Ltop is the chiral projection of the Gauß-Bonnet density and LWeyl is the Weyl density.
For the integrals we have
Itop =
∫
d6z φ3W αβγWαβγ +
∫
d8z E−1(GaGa − 2RR¯) ,
IWeyl =
∫
d6z φ3W αβγWαβγ , IRR¯ =
∫
d8z E−1RR¯ ,
I3 =
∫
d8z E−1R2 , I¯3 =
∫
d8z E−1R¯2 ,
(5.12)
where
∫
d8z E−1 is the appropriate measure for a vector superfield expression on curved
superspace. With these expressions we have
Γgeom =
∫
d6zLgeom +
∫
d6z¯ L¯geom =
1
8
λ3(I3 + I¯3) +
1
8
λRR¯IRR¯ (5.13)
for the geometrical contribution to the effective action (5.6), which is chosen such as to
eliminate those symmetry breaking terms which are Weyl variations. Furthermore in an
expansion around flat superspace we have
IWeyl − I¯Weyl = 0 , Itop + I¯top = 0 , (5.14)
which corresponds to vanishing Pontrjagin and Euler numbers.
It should be noted that the local Callan-Symanzik equation (5.4) is chiral. Integrating
the equation over chiral superspace and adding the complex conjugate of this integral
yields the global Callan-Symanzik equation
CΓ = ∆geom
C
, (5.15)
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where C is the Callan-Symanzik operator
C = m∂m + βg∂g − γN , (5.16)
in which m∂m includes all mass parameters of the theory and
N =
∫
d6z A
δ
δA
+
∫
d6z¯ A¯
δ
δA¯
(5.17)
is the counting operator for matter legs. The anomaly on the right hand side of (5.15) is
given by
∆geom
C
= −1
8
(IWeyl + I¯Weyl) +
1
8
(βg∂gλRR¯ − 2uRR¯)IRR¯ . (5.18)
Here there is no contribution of Itop due to (5.14). Also at a fixed point where β
g = 0,
the IRR¯ term is absent due to Wess-Zumino consistency.
6 Transformation properties of the supercurrent
6.1 Green functions with multiple insertions
The transformation properties of Green functions with multiple supercurrent insertions are
obtained by varying the quantum superconformal Ward identity an appropriate number of
times with respect to the prepotential Hαα˙. To ensure a rigorous treatment of the Green
functions with multiple insertions generated in this way, we consider general multiple
insertion Green functions first. For a general composite operator D(x) coupled to an
external field h(x) such that
δ
δh(x)
Γ = [D(x)] · Γ, (6.1)
and a further composite operator B(x) which may depend on h(x), the Zimmermann
approach to composite operators yields a product rule
δ
δh(y)
([B(x)] · Γ) = [B(x)] · [D(y)] · Γ + [F (x− y)] · Γ, (6.2)
with F (x− y) = δB(y)
δh(x)
. (6.3)
From general rules for functional differentiation it is clear that F (x− y) is quasi-local in
the sense that it contains δ(d)(x−y), possibly with some derivatives acting on it. Moreover
when B(x) = D(x) we find for the second variation of Γ
δ
δh(x)
δ
δh(y)
Γ =
δ
δh(x)
([D(y)] · Γ) = [D(x)] · [D(y)] · Γ + [G(x− y)] · Γ , (6.4)
where G(x− y) = δ
2Γeff
δh(x)δh(y)
(6.5)
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is again quasi-local. For the derivation of Ward identities it is convenient to define
{B(x) ·D(y)} · Γ ≡ δ
δh(y)
([B(x)] · Γ)
∣∣∣∣
h=0
(6.6)
{D(x) ·D(y)} · Γ ≡ δ
δh(x)
δ
δh(y)
Γ
∣∣∣∣
h=0
. (6.7)
Correspondingly for triple insertions we have
{B(x) ·D(y) ·D(z)} · Γ ≡ δ
δh(y)
δ
δh(z)
([B(x)] · Γ)
∣∣∣∣
h=0
, (6.8)
{D(x) ·D(y) ·D(z)} · Γ ≡ δ
δh(x)
δ
δh(y)
δ
δh(z)
Γ
∣∣∣∣
h=0
, (6.9)
for which we find according to the product rule (6.2)
{B(x) ·D(y) ·D(z)} · Γ =
[
δ2B(x)
δh(y)δh(z)
]
· Γ +
[
δB(x)
δh(y)
]
· [D(z)] · Γ
+
[
δB(x)
δh(z)
]
· [D(y)] · Γ + [B(x)] · [D(y)] · [D(z)] · Γ
+ [B(x)] · [G(y − z)] · Γ , (6.10)
{D(x) ·D(y) ·D(z)} · Γ =
[
δ3Γeff
δh(x)δh(y)δh(z)
]
· Γ
+ [D(x)] · [G(y − z)] · Γ + [D(y)] · [G(z − x)] · Γ
+ [D(z)] · [G(x− y)] · Γ + [D(x)] · [D(y)] · [D(z)] · Γ . (6.11)
Here the first term on the right hand side of both (6.10), (6.11) contains the product of
two delta functions with some derivatives acting on them. Furthermore it is convenient
to define time-ordered Green functions by
〈B(x)D(y)A(z1) . . . A(zn)〉1PI ≡ δ
n
δA(z1) · · · δA(zn){B(x) ·D(y)} · Γ
∣∣∣∣
A=0
, (6.12)
〈D(x)D(y)A(z1) . . . A(zn)〉1PI ≡ δ
n
δA(z1) · · · δA(zn){D(x) ·D(y)} · Γ
∣∣∣∣
A=0
(6.13)
and similarly for triple insertions, with A(z) a dynamical field.
Once diffeomorphism invariance is imposed, the only way to alter the explicit expres-
sions for D(x), D(y) and the quasi-local terms F (x− y) in (6.2) and G(x− y) in (6.4) is
to redefine the external field h → h′ = h′[h], which amounts to a redefinition of Γ[A, h]
including its counterterms.
By introducing a source jA for A, the generating functional for connected Green func-
tions Zc is obtained by means of the Legendre transform
Zc[jA, h] = Γ[h,A] +
∫
ddx jAA . (6.14)
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Using the fact that the source jA is independent of h(x), as well as
δΓ[A, h]
δA(x)
= −jA(x) , (6.15)
it is easy to show by varying (6.14) with respect to h(x), h(y) consecutively that
[D(x)] · Γ = [D(x)] · Zc , (6.16)
[D(x)] · [D(y)] · Γ = [D(x)] · [D(y)] · Zc . (6.17)
Thus it is straightforward to obtain results for connected Green functions with double
insertions once the corresponding 1PI Green functions are known.
In the subsequent we use the general results of this section for deriving superconformal
Ward identities. In particular we identify the chiral trace term S with the operator B, the
supercurrent Vαα˙ with D and the supergravity prepotential Hαα˙ with the external field h.
6.2 Single insertion
For the quantum theory we may obtain the superconformal transformation properties of
supercurrent insertions to all orders in ~ by proceeding in close analogy to the derivation
of (4.22) in the classical approximation. We combine the local Callan-Symanzik equa-
tion (5.4), which is the Weyl symmetry Ward identity for the quantum theory, with the
diffeomorphism Ward identity (4.8) which is valid to all orders in ~. This yields
w(γ)α (A, J)Γ = −wα(H)Γ− 18DαS · Γ , (6.18)
where
w(γ)α (A, J) ≡ w
(Λ)
α (A, J) + w
(σ)
α (A, J)− 112γ Dα
(
A δ
δA
)
, (6.19)
S ≡ 2
3
[βg∂gLeff ]− 23C(H, J, J¯) . (6.20)
The corresponding antichiral Ward identity may be obtained from (6.18) by complex
conjugation; so far we have not imposed D¯α˙Ωα = DαΩ¯α˙. From (6.18) we may obtain Ward
identities for Green functions with arbitrarily many supercurrent insertions by varying
with respect to Hαα˙ the required number of times. Varying once with respect to Hαα˙,
and subsequently restricting to flat space, we obtain for a single supercurrent insertion
the Ward identity
w(γ)α (A)
(
[Vββ˙(z
′)] · Γ) =− 1
16
D¯α˙
({Vαα˙(z) · Vββ˙(z′)} · Γ)+∆αββ˙γγ˙(z, z′) ([Vγγ˙(z′)] · Γ)
− 1
12
Dα{βg∂gLeff(z) · Vββ˙(z′)} · Γ , (6.21)
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where according to the general discussion of the preceding section 6.1 we have defined
{Vαα˙(z) · Vββ˙(z′)} · Γ ≡ 64
δ2
δHαα˙(z)δHββ˙(z′)
Γ
∣∣∣∣
H=J=0
= [Vαα˙(z)] · [Vββ˙(z′)] · Γ + [Gαα˙ββ˙(z − z′)] · Γ , (6.22)
where Gαα˙ββ˙(z − z′) ≡ 64
δ2Γeff
δHαα˙(z)δHββ˙(z′)
, and (6.23)
{βg∂gLeff(z) · Vββ˙(z′)} · Γ ≡ 8
δ
δHββ˙(z′)
([βg∂gLeff(z)] · Γ)
∣∣∣∣
H=J=0
= [βg∂gLeff(z)] · [Vββ˙(z′)] · Γ + 8
[
δ(βg∂gLeff(z))
δHββ˙(z′)
]
· Γ . (6.24)
Furthermore for convenience we have defined
∆αββ˙
γγ˙(z, z′)
( • ) ≡ −1
4
δγβ δ
γ˙
β˙
D¯α˙
({Dα, D¯α˙}δ8(z − z′) • )
− 1
4
δγα {DβD¯β˙}D¯γ˙
(
δ8(z − z′) • )
− 1
4
δγβ δ
γ˙
β˙
D¯2
(
Dαδ
8(z − z′) • ) , (6.25)
such that
−8 δ
δHββ˙(z′)
(
w
(Λ)
α (H)
)
Γeff
∣∣∣∣
H=0
= ∆αββ˙
γγ˙(z, z′)Vγγ˙(z) (6.26)
expresses the chiral part of the conformal transformation properties of the supercurrent.
It should be noted that the geometrical terms C(H, J, J¯) do not contribute to (6.21) since
they are of second order in H .
The full quantum superconformal transformation properties of the supercurrent in-
sertion may be obtained by multiplying (6.21) by Ωα, integrating, adding the complex
conjugate and imposing D¯α˙Ωα = DαΩ¯α˙. In this case the {Vαα˙ · Vββ˙} terms drop out and
we obtain
W (γ)[Vαα˙(z
′)] · Γ = [δVαα˙(z′)] · Γ−
∫
d6z σ(z){βg∂gLeff(z) · Vαα˙(z′)} · Γ + c.c. , (6.27)
where
W (γ) ≡
∫
d8zΩαw(γ)α (A) + c.c. (6.28)
is the Ward operator for the dynamical fields. δVαα˙ is the classical conformal transfor-
mation of the supercurrent as given by (4.23), (4.25). In the classical approximation,
(6.27) reduces to (4.22) again with no symmetry breaking terms present. Since δVαα˙ in
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(6.27) is identical to the expression which appears in the classical approximation (4.25),
the supercurrent does not acquire any anomalous dimension in quantum theory. This is
in agreement with the fact that the supercurrent contains the supersymmetry currents
and the energy-momentum tensor among its components. These currents are conserved
and hence do not have anomalous dimensions.
According to (3.23), only R transformation, dilatation, special supersymmetry and spe-
cial conformal transformations are anomalous, but not the super Poincare´ transformation.
For dilatations for which σ is a real constant, (6.27) simplifies to(−WD + βg∂g − γN) ([Vαα˙] · Γ) + [δDVαα˙] · Γ = 0 (6.29)
by virtue of (5.5) and with N as in (5.17), δDVαα˙ as in (4.24). Here the dilatation Ward
operator is given by
WD =
∫
d8zΩα(w
(Λ)
α (A) + w
(σ)
α (A)) + c.c. , (6.30)
ΩαD = 1
2
θαθ¯2 − i
2
xaσαα˙a θ¯α˙ .
Using the general results of section 6.1 it is straightforward to find the superconformal
Ward identities for Green functions which follow from (6.27). Defining
〈Vαα˙(zA)X〉 ≡ 8
(
~
i
)n+m+1 δn+m
δjnAδj¯
m
A
δ
δHαα˙(zA)
Z
∣∣∣∣
j=j¯=H=J=0
, (6.31)
〈S(zA)Vαα˙(zB)X〉 ≡ 8
(
~
i
)n+m+1 δ
δHαα˙(zB)
([S(zA)] · Z)
∣∣∣∣
j=j¯=H=J=0
, (6.32)
with X ≡ A(z1) . . . A(zn)A¯(z′1) . . . A¯(z′m) and Z ≡ exp( i~Zc), and performing the Legendre
transform of (6.27) we find
δ〈Vαα˙(z)X〉 =
∫
d6z′σ(z′) 〈βg∂g Leff(z′)Vαα˙(z)X〉+ c.c. . (6.33)
Here the conformal transformation δ of the Green function is given by
δ 〈Vαα˙(z)X〉 = 〈δVαα˙(z)X〉+
n∑
k=1
〈Vαα˙(z)A(z1) . . . δA(zk) . . .A(zn) A¯(z′1) . . . A¯(z′M)〉
+
m∑
k=1
〈Vαα˙(z)A(z1) . . . A(zn) A¯(z′1) . . . δA¯(z′k) . . . A¯(z′M)〉 ,
(6.34)
with δVαα˙(z) given by (4.23), (4.25) and
δA = (Λ− (1 + γ) σ) A , δA¯ = (Λ¯− (1 + γ) σ¯) A¯ . (6.35)
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(6.33) is a concise expression for the superconformal Ward identity expressing the break-
down of superconformal symmetry at the level of Green functions. The fact that the
presence of the supercurrent insertion does not generate further anomalies is due to su-
persymmetry. In particular, there are no further anomalies since the auxiliary mass terms
arising in the renormalisation process depend on J , J¯ but are independent of Hαα˙ which
couples to the supercurrent.
6.3 Double insertion
Varying the Ward identity (6.18) twice with respect to Hββ˙(z1), H
γγ˙(z2) we obtain the
transformation properties of Green functions with double supercurrent insertions. In
this context the two point function 〈Vαα˙(z1)Vββ˙(z2)〉 is of special interest since there are
potential contributions from the geometrical terms C(H, J, J¯). The second variation of
(6.18) yields when restricting to flat space
w(γ)α (A(z))
({Vββ˙(z1) · Vγγ˙(z2)} · Γ) =− 116D¯α˙{Vαα˙(z) · Vββ˙(z1) · Vγγ˙(z2)} · Γ
+∆αββ˙
δδ˙(z, z1){Vδδ˙(z) · Vγγ˙(z2)} · Γ
+∆αγγ˙
δδ˙(z, z2){Vδδ˙(z) · Vββ˙(z1)} · Γ
+∆
(2)
αββ˙γγ˙
δδ˙(z; z1, z2)[Vδδ˙(z)] · Γ
− 1
12
Dα{βg∂gLeff(z) · Vββ˙(z1) · Vγγ˙(z2)} · Γ
− 1
12
DαAββ˙γγ˙(z − z1, z − z2) . (6.36)
Here the triple insertions
{Vαα˙(z) · Vββ˙(z1) · Vγγ˙(z2)} ≡ 83
δ3
δHαα˙(z)δHββ˙(z1)δHγγ˙(z2)
Γ
∣∣∣∣
H=J=0
, (6.37)
{βg∂gLeff(z) · Vββ˙(z1) · Vγγ˙(z2)} ≡ 64
δ2
δHββ˙(z1)δHγγ˙(z2)
([βg∂gLeff ] · Γ)
∣∣∣∣
H=J=0
(6.38)
may be evaluated according to the general rules (6.10), (6.11). ∆αββ˙
γγ˙ is given by (6.25),
and ∆
(2)
αββ˙γγ˙
δδ˙(z; z1, z2) is defined such that
∆
(2)
αββ˙γγ˙
δδ˙(z; z1, z2)Vδδ˙(z) = −64
δ
δHββ˙(z1)
δ
δHγγ˙(z2)
(
w(2)α (H(z))
)
Γ ; (6.39)
the explicit expression may be found in appendix A.3. Aββ˙γγ˙(z − z1, z − z2) denotes the
contributions from the purely geometrical terms,
Aββ˙γγ˙(z − z1, z − z2) ≡ 64
δ
δHββ˙(z1)
δ
δHγγ˙(z2)
C(H, J, J¯)(z)
∣∣∣∣
J=J=0
. (6.40)
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According to the explicit expression for C(H, J, J¯) given by (5.10) we decompose the form
Aαα˙ββ˙(z − z1, z − z2) into
Aαα˙ββ˙(z − z1, z − z2) = −8(1− 2γ)utopAtopαα˙ββ˙(z − z1, z − z2)
− 8(1− 2γ)uWeylAWeylαα˙ββ˙(z − z1, z − z2)
+ 8
(
1
2
βg∂gλRR¯ − (1− 2γ)uRR¯
)ARR¯
αα˙ββ˙
(z − z1, z − z2)
+ 8
(
1
2
(u3 + u
′
3)− 2γu′3
)A3
αα˙ββ˙
(z − z1, z − z2) . (6.41)
For the topological contribution we find
Atop
αα˙ββ˙
(z − z1, z − z2) = D¯2
[
∂aK
a
αα˙ββ˙(z − z1, z − z2)
+D2Lαα˙ββ˙(z − z1, z − z2) (6.42)
+ ∂aD
ǫMaǫ,αα˙ββ˙(z − z1, z − z2)
− ∂αα˙∂γγ˙Nγγ˙ββ˙(z − z1, z − z2)− ∂ββ˙∂γγ˙Nγγ˙αα˙(z − z2, z − z1)
]
,
where we have used the linearised expressions of appendix A.2 for the curvature tensors.
Here
Kaαα˙ββ˙(z − z1, z − z2) = 8δ8(z − z1)∂aδGαα˙ββ˙(z − z2) + 4iδ8(z − z1)σaγγ˙DγD¯γ˙δGαα˙ββ˙(z − z2)
− 4iǫabcdσcαα˙σγγ˙d δ8(z − z1)∂bδGγγ˙ββ˙(z − z2)
− 2
3
iσaγγ˙δ
8(z − z1)[Dα, D¯α˙]δGγγ˙ββ˙(z − z2)
+
(
(αα˙, z − z1)↔ (ββ˙, z − z2)
)
, (6.43)
where we have defined
δGαα˙ββ˙(z − z′) ≡
δ
δHββ˙(z′)
Gαα˙(z)
∣∣∣∣
H=J=0
, (6.44)
with Gαα˙ the real curvature tensor. The explicit expressions for L, M , N in (6.42) are not
relevant for our subsequent calculations and are listed in appendix A.3 for completeness.
From (6.42) it is easy to see that Atop vanishes when integrated over d6z, as is expected
for a topological density expanded around flat space.
Furthermore we have for the remaining forms in (6.41)
AWeyl
αα˙ββ˙
(z − z1, z − z2) = −8 Eγδα,εη βD¯2∂γα˙Dδδ8(z − z1)D¯2∂δβ˙Dηδ8(z − z2) , (6.45a)
ARR¯
αα˙ββ˙
(z − z1, z − z2) = 49D¯2
(
D¯2∂αα˙δ
8(z − z1)D2∂ββ˙δ8(z − z2)
+ D¯2∂ββ˙δ
8(z − z2)D2∂αα˙δ8(z − z1)
)
, (6.45b)
A3
αα˙ββ˙
(z − z1, z − z2) = 89D¯2
(
D2∂αα˙δ
8(z − z1)D2∂ββ˙δ8(z − z2)
)
, (6.45c)
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where we have used ∂αα˙ ≡ σaαα˙∂a and E is the totally symmetric symbol
Eαβγ,δεη = δα(δδβεδγη) . (6.46)
As before we obtain the superconformal transformation properties of the double insertion
by multiplying the Ward identity (6.36) by Ωα , integrating, adding the complex conjugate
and imposing D¯α˙Ωα = DαΩ¯α˙. In this case the {Vαα˙ · Vββ˙ · Vγγ˙} terms drop out and we
have
W (γ)(A){Vββ˙(z1) · Vγγ˙(z2)} · Γ = {δVββ˙(z1) · Vγγ˙(z2)} · Γ + {Vββ˙(z1) · δVγγ˙(z2)} · Γ
+ χββ˙(z1, z2)[Vγγ˙(z1)] · Γ + χγγ˙(z2, z1)[Vββ˙(z2)] · Γ
−
∫
d6z σ(z){βg∂gLeff(z) · Vββ˙(z1) · Vγγ˙(z2)} · Γ + c.c.
−
∫
d6z σ(z)Aββ˙γγ˙(z − z1, z − z2) + c.c. , (6.47)
with W (γ) as in (6.28) and χββ˙ is obtained from integrating the ∆
(2) terms of (6.39),
χββ˙(z1, z2)Vγγ˙(z1) + χγγ˙(z2, z1)Vββ˙(z2) ≡
∫
d8zΩα(z)∆
(2)
αββ˙γγ˙
δδ˙Vδδ˙(z) + c.c. , (6.48)
χαα˙(z1, z2) = {Dα, D¯α˙}D¯2Ωβ(z1)D1βδ8(z1 − z2) + c.c. . (6.49)
Let us now investigate the consequences of the Ward identities (6.36) and (6.47) for
Green functions. These are defined according to the general rules (6.12) and (6.13) and in
analogy to (6.31), (6.32). For Green functions involving also dynamical fields in addition
to the insertions we find from the integrated Ward identity (6.47)
δ 〈Vαα˙(zA)Vββ˙(zB)X〉 =
∫
d6z σ(z) 〈βg∂gLeff(z)Vαα˙(zA)Vββ˙(zB)X〉+ c.c.
− (χαα˙(zA, zB)〈Vββ˙(zA)X〉+ χββ˙(zB, zA)〈Vαα˙(zB)X〉) , (6.50)
where X ≡ A(z1) . . . A(zn)A¯(z′1) . . . A¯(z′m) and the conformal transformation δ is defined
in analogy to (6.34). For Green functions involving dynamical fields there are no con-
tributions from the geometrical terms. However there are such contributions for the two
point function
〈Vαα˙(z1)Vββ˙(z2)〉 ≡ {Vαα˙(z1) · Vββ˙(z2)} · Z
∣∣
A=A¯=0
= 64
δ2
δHαα˙(z1)δHββ˙(z2)
Z
∣∣∣
H=J=A=A¯=0
,
(6.51)
which we consider now in detail. In this case the non-integrated Ward identity (6.36)
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involves also the three point function which according to (6.11), (6.37) is given by
〈Vαα˙(z) · Vββ˙(z1) · Vγγ˙(z2)〉 = 83
δ3
δHαα˙(z)δHββ˙(z1)δHγγ˙(z2)
Z
∣∣∣
H=J=A=A¯=0
(6.52)
= 〈[Vαα˙(z)] · [Vββ˙(z1)] · [Vγγ˙(z2)]〉
+ 〈[Vαα˙(z)] · [Gββ˙γγ˙(z1 − z2)]〉 + permutations
+ Fαα˙ββ˙γγ˙(z, z1, z2) ,
with Gββ˙γγ˙ as in (6.23) and
Fαα˙ββ˙γγ˙(z, z1, z2) ≡ 83
δ3
δHαα˙(z)δHββ˙(z1)δHγγ˙(z2)
Γgeom
∣∣∣
H=J=0
, (6.53)
where Γgeom is given by (5.13). F contains terms involving the product of two delta
functions in agreement with (6.11) and reflects contributions of counterterms in the action
which have been added to eliminate those symmetry breaking geometrical terms which
are variations. The expression (6.52) for the three point function is clearly symmetric.
For (6.51), (6.52) the Ward identity (6.36) reads
1
16
D¯α˙〈Vαα˙(z)Vββ˙(z1)Vγγ˙(z2)〉 = ∆αββ˙δδ˙(z, z1)〈Vδδ˙(z)Vγγ˙(z2)〉
+∆αγγ˙
δδ˙(z, z2)〈Vββ˙(z1)Vδδ˙(z)〉
− 1
12
Dα〈βg∂gLeff(z) Vββ˙(z1)Vγγ˙(z2)〉
− 1
12
DαAββ˙γγ˙(z − z1, z − z2) , (6.54)
where we have used that 〈Vαα˙(z1)〉 vanishes since the corresponding diagram is a tadpole
with degree of divergence δV = 3. The ∆ terms are given by (6.25).
The Ward identity (6.54) relates the supercurrent two and three point functions. Its
form is essentially unique except for the explicit expressions for the quasi-local terms G,
F in (6.52) and ∆ in (6.54), which are determined by the approach chosen for introducing
curved superspace and in particular by our definitions for the prepotentials Hαα˙ and J .
Due to our approach to deriving Ward identities on curved superspace, the quasi-local
terms ∆ in (6.54) encode the superconformal transformation properties of the supercurrent
and lead to (4.23) and (4.25) upon integration. At the same time our choice for Hαα˙
determines the explicit form for the quasi-local terms G, F in (6.52), as was discussed in
section 6.1.
It is perhaps instructive to compare the Ward identity (6.54) with the Ward identity
discussed by Osborn in [2] (equation (7.41) there) for βg = 0 and discarding the geo-
metrical terms. The Ward identity (7.41) of [2] agrees with (6.54) above up to a shift
between the quasi-local terms. The terms involving ∆ in (6.54) correspond to the terms
on the right hand side of the Ward identity (7.41) in [2]. However the explicit expressions
for these terms differ in the two approaches, which is compensated by different choices
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for the quasi-local terms G in (6.52), whose definition is given in (6.23). In [2] the G
terms are chosen such as to obtain the simplest form for the terms in the Ward identity
(7.41) which corresponds to χαα˙ββ˙
γγ˙ = 0 in the notation used there. Since the shift
between quasi-local terms corresponds a redefinition of the prepotential, Hαα˙ → H˜αα˙[H ],
it would be interesting to see if a redefinition exists which transforms our approach and
the approach of [2] into each other. However direct comparison is difficult since in the
two cases a different representation is used for the diffeomorphisms such that Λ defined
in (3.5) of this paper is different from h defined in (2.3) of [2].
Moreover any redefinition ofHαα˙ as a function of itself leaves the flat space supercurrent
transformation laws (4.24) invariant in the superconformal case when D¯α˙Ωα = DαΩ¯α˙.
Non-trivial redefinitions are at least of second order, H˜αα˙ = Hαα˙ + O(H
2), from which
follows that the only change of the Ward identity (6.54) induced by the redefinition is a
shift between the ∆ terms in (6.54) and the G terms in (6.22). This is equivalent to the
statement in (7.39) of [2] that the flat space supercurrent transformations are unique up
to terms involving (D¯α˙Ωα −DαΩ¯α˙).
The integrated Ward identity (6.47) for the two point function (6.51) reads
δ 〈Vαα˙(z1)Vββ˙(z2)〉 =
∫
d6z σ(z) 〈βg∂gLeff(z) Vαα˙(z1)Vββ˙(z2)〉+ c.c.
− 8
∫
d6z σ(z)
(
(1− 2γ)uWeylAWeylαα˙ββ˙(z − z1, z − z2)
− (1
2
βg∂gλRR¯ − (1− 2γ)uRR¯)ARR¯αα˙ββ˙(z − z1, z − z2)
)
+ c.c. .
(6.55)
Here the three point function present in (6.54) has dropped out upon integrating, adding
the complex conjugate and imposing D¯α˙Ωα = DαΩ¯α˙. Furthermore as far as the purely
geometrical terms are concerned, it is easy to see from (6.42), (6.45c) that neither Atop
nor A3 contribute to (6.55) since∫
d6z σ(z)Atop
αα˙ββ˙
(z − z1, z − z2) +
∫
d6z¯ σ¯(z)A¯top
αα˙ββ˙
(z − z1, z − z2) = 0 (6.56)
and similarly for A3. This is due to the fact that for superconformal transformations, σ
and σ¯ as given by (3.23) are restricted by
DDσ = 0 , Dα∂aσ = 0 , (6.57a)
∂aσ = ∂aσ¯ . (6.57b)
It is important to note that only the combination of the chiral and antichiral integrals in
(6.56) vanishes, not the terms involving σ or σ¯ separately. When inserting the lengthy
expression (6.42) into (6.56), the terms involving ∂a given by K in (6.43) cancel using
(6.57b), while the terms involving D2, ∂aDβ or ∂a∂b vanish due to (6.57a).
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At a renormalisation group fixed point where βg = 0, (6.55) is simplified further.
However when discussing fixed points we have to bear in mind that within our perturbative
approach to the Wess-Zumino model we may only reach the trivial fixed point where
βg = γ = g = 0. The three point function on the right hand side of (6.55) vanish in this
case. Moreover, as shown in [4], consistency implies that the coefficient of ARR¯ in (6.41)
vanishes at fixed points. Thus we obtain
δ
〈
Vαα˙(z1) Vββ˙(z2)
〉∣∣
βg=0
= −8uWeyl
∫
d6z σ(z)AWeyl
αα˙ββ˙
(z − z1, z − z2) + c.c. . (6.58)
Therefore at the fixed point, the conformal transformation properties of the supercurrent
two point function are entirely determined by the Weyl anomaly. This result is the su-
persymmetric generalisation of a similar result obtained for the energy-momentum tensor
two point function for non-supersymmetric theories in [14]. Furthermore it is in agree-
ment with the fact that for superconformal theories, the supercurrent two point function
〈Vαα˙(z1)Vββ˙(z2)〉 itself is entirely determined by the Weyl anomaly as was shown in [2].
For scale transformations we may obtain an equation analogous to (6.29) for double
insertions. For σ = −1, (6.47) reduces to(−WD + βg∂g − γN) {Vαα˙(z1) · Vββ˙(z2)} · Γ + δD{Vαα˙(z1) · Vββ˙(z2)} · Γ
= −
∫
d6zAαα˙ββ˙(z − z1, z − z2) + c.c. , (6.59)
with δDVαα˙ given by (4.24) and δ
D{Vαα˙ · Vββ˙} = {δDVαα˙ · Vββ˙} + {Vαα˙ · δDVββ˙}. Only
AWeyl and ARR¯ contribute to A in (6.59). For the two point function (6.59) yields
δD〈Vαα˙(z1)Vββ˙(z2)〉+ βg∂g〈Vαα˙(z1)Vββ˙(z2)〉 = −
∫
d6zAαα˙ββ˙(z − z1, z − z2) + c.c. .
(6.60)
Similarly we find for the R transformations
δR〈Vαα˙(z1)Vββ˙(z2)〉 − 23 i〈βg∂g
(∫
d6z Leff(z)−
∫
d6z¯ L¯eff(z)
)
Vαα˙(z1)Vββ˙(z2)〉 = 0 .
(6.61)
Here the geometrical terms drop out due to (5.14), (6.45b), (6.45c). A similar relation
holds for Green functions involving also dynamical fields in addition to the supercurrent
insertions.
7 Supercurrent Components
In this section we describe in detail how the energy-momentum tensor, the supersymmetry
current and the R current are related to the components of the supercurrent. In parti-
cular we show that the energy-momentum tensor is coupled to the metric as expected.
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Furthermore we discuss improvement terms. The discussion of this section allows for the
comparison with a related approach which uses the component formalism [15].
7.1 Definition of component currents
From the flat space definition of the energy-momentum tensor according to which it is the
conserved current associated with translation invariance, we expect to find the divergence
of Tab in a local Ward identity whose parameter is the translation component of Ω
α in
(3.22), with ta = ta(x). However there is an arbitrariness in generalising the component
ΩαP in (3.22) to a function Ω
α
P [t
a(x)] which reduces to (3.22) again in the limit ta = const.
In fact there is a whole equivalence class of functions ΩαP [t
a(x)], the elements of which
differ by derivatives of ta(x). We make use of this arbitrariness to choose ΩαP [t
a(x)] such
that the corresponding Weyl parameter σ vanishes,
ΩαP [t
a(x)] = − i
2
σαα˙a t
a(x)− 1
4
θαθ¯2∂ctc(x) . (7.1)
This choice ensures that there are no contributions from the symmetry breaking term S
to the energy-momentum tensor, such that Tab is entirely determined by the supercurrent
Va.
The translation Ward operator and energy-momentum tensor are thus defined by∫
d4x ta(x)w(P )a =
1
2
∫
d8zΩαP (z)wα(A) + c.c. , (7.2)∫
d4x ta(x)∂bTab(x) =
1
32
∫
d8z ΩαP (z)D¯
α˙Vαα˙(z) + c.c. . (7.3)
Integrating the trace identity (4.16) and its conjugate with ΩαP and differentiating with
respect to ta(x), we obtain the translation Ward identity
w(P )a Γ = −∂bTab (7.4)
(7.3) relates the energy-momentum tensor Tab to the θθ¯ component of Va. With
Va(z) = Ca(x) + θ
αχaα(x) + θ¯α˙χ¯a
α˙ + θσbθ¯ vab(x) + . . . (7.5)
we have
Tab =
1
8
(vab + vba − 2ηabvcc) , (7.6)
vab = 4(Tab − 13ηabT cc) + antisymmetric part . (7.7)
Similarly we obtain the conserved current Qaα corresponding to rigid supersymmetry by
choosing a local transformation with vanishing Weyl parameter σ which reduces to rigid
supersymmetry for constant parameters,
ΩαQ[q
β(x), q¯β˙(x)] = −θ¯2qα(x) + 2θαθ¯α˙q¯α˙(x) + 32 iθ2θ¯2σaαα˙∂aq¯α˙ . (7.8)
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Performing the same steps as in the calculation of Tab above, we obtain the supersymmetry
current in terms of the component fields of Va,
Qa
α = i
(
χa
α − σaαα˙σβα˙b χbβ
)
, (7.9)
χaα = −i
(
Qaα − 13Qbβσbβα˙σaαα˙
)
. (7.10)
Finally, we obtain the R current from
ΩαR[r(x)] = −iθ¯2θαr(x) . (7.11)
However since for the R transformation, the Weyl parameter σ is non-zero even for rigid
transformations, it is not possible to have σ[r(x)] = 0 here in contrast to the two cases
above. (7.11) gives σ[r(x)] = 2
3
ir(x), where in the rigid case r is a constant. This yields
the R current
Ra(x) = Ca(x) , (7.12)
where Ca(x) is the lowest θ-component of Va in (7.5).
7.2 Component currents and corresponding background fields
In the non-supersymmetric case of section 2, the energy-momentum tensor is given by
the derivative of the action with respect to the metric field gmn. In this section we show
that this coupling is also present in the supersymmetric theory. This may be seen in the
component decomposition of the prepotentials H and J and of the supercurrent V . The
energy-momentum tensor couples to components of bothH and J . The corresponding two
terms combine in just the right way to give the usual coupling of the energy-momentum
tensor to the metric.
On a non-supersymmetric manifold we may define the linearised vierbein and its de-
terminant by
ea
m = δa
m + ha
m + o(h2) ,
e−1 = (det ea
m)−1 = e−tr log ea
m
= 1− haa + o(h2) .
In order to compare our formulation of curved superspace with the non-supersymmetric
case, we choose Wess-Zumino gauge such that the prepotentials have the component
structure
Hb = θσaθ¯ha
b − iθ¯2θαΨbα + iθ2θ¯α˙Ψ¯bα˙ + θ2θ¯2Ab , (7.13)
φ3 = e−iθσθ¯∂
{
e−1
(
1− 2iθασαα˙Ψ¯αα˙ + θ2B
)}
, (7.14)
J = e−iθσθ¯∂
{−1
3
haa − 2i3 θσaΨ¯a + 13θ2B
}
. (7.15)
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In this formalism, the linearised vierbein hab and the gravitino field Ψ
aα appear in Hαα˙
as well as in J , J¯ . In order to find the coupling of hab to the energy-momentum tensor
and of Ψaα to the supersymmetry current, we calculate the component decomposition of
the effective action to first order in H and J ,
Γ
(1)
eff =
1
8
∫
d8z Hαα˙Vαα˙ +
∫
d6z J
δΓeff
δJ
+
∫
d6z¯ J¯
δΓeff
δJ¯
. (7.16)
For the term involving H we find to first order
1
8
∫
d8z Hαα˙Vαα˙ =
∫
d4x
{
− hab (Tab − 13haaT cc + 14ǫabcd∂cRd)
+ 1
2
Ψaα
(
Qaα − 13Qbγσbγα˙σaαα˙
)
+ 1
2
Ψ¯aα˙
(
Q¯a
α˙ − 1
3
Q¯bγ˙σbαγ˙σ
αα˙
a
)
+ AaRa
}
(7.17)
In the following we restrict ourselves to the on-shell case, δΓ/δA = 0. Using the definition
of w
(σ)
(4.10), the Ward identity (4.14) and the trace equation (4.16), the linearised term
involving J may be rewritten as∫
d6z J
δΓeff
δJ
=
∫
d4x
{
D2J
δΓeff
δJ
+ 3
2
DαJD¯α˙Vαα˙ +
3
4
JDαD¯α˙Vαα˙
}
This yields∫
d6z J
δΓeff
δJ
+ c.c. =
∫
d4x
{
−1
3
haaT
c
c +
1
6
Ψ¯aα˙Q¯
bγ˙σbαγ˙σ
αα˙
a +
1
6
ΨaαQbγσbγα˙σaα
α˙
− 4
3
B
δΓeff
δJ
∣∣∣∣
0
− 4
3
B¯
δΓeff
δJ¯
∣∣∣∣
0
}
(7.18)
where |0 denotes the zeroth θ component. Adding (7.17) and (7.18) we obtain
Γ
(1)
eff =
∫
d4x
{
−h(ab)Tab + 12ΨaαQaα + 12Ψ¯aα˙Q¯aα˙ + AaRa
+ 2B S|0 + 2B¯ S¯|0 − 14h[ab]ǫabcd∂cRd
}
. (7.19)
The metric tensor is given in terms of the inverse vierbein by
gmn = ηabem
aen
b = ηmn − 2h(mn) + o(h2) ,
such that the currents may be expressed as
Tmn = 2
δΓeff
δgmn
∣∣∣∣
flat space
, Qaα = 2
δΓeff
δΨaα
∣∣∣∣
flat space
, Ra =
δΓeff
δAa
∣∣∣∣
flat space
(7.20)
as expected. We note that while the chiral compensator yields the trace of the energy-
momentum tensor, the term multiplying hab on the r.h.s. of (7.17) is not trace-free due
to the factor of 1
3
. This is in contrast to the result of section 2 where the r.h.s. of (2.17)
separates into a trace-free current and a trace term.
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7.3 Improvement terms
The energy-momentum tensor of a real scalar field ϕ on Minkowski space,
Tab =
(
∂aϕ∂bϕ− 12ηab∂cϕ∂cϕ
)
+ c(∂a∂b − ηab✷)ϕ2 , (7.21)
contains an improvement term c(∂a∂b − ηab✷)ϕ2 whose divergence vanishes. The value
c = −1
6
is special in the sense that only for this value the energy-momentum tensor
transforms covariantly under conformal transformations.
In the superfield approach, the energy-momentum tensor discussed in section 7.2 is
already improved in the sense that the improvement term with c = −1
6
is already contained
in (7.6). This may be seen by expanding the dynamical field A in components,
A(z) = e−iθσθ¯∂(ϕ(x) + θψ(x) + θ2F (x)) . (7.22)
Tab is a sum of contributions from each of the component fields,
Tab = T
(ϕ1)
ab + T
(ϕ2)
ab + T
(ψ)
ab + T
(F )
ab , (7.23)
where ϕ1 and ϕ2 are the real and imaginary part of the complex scalar field ϕ. For the
massless Wess-Zumino model on curved superspace given by (5.5), we find from (7.6)
when restricting to flat space
T
(ϕ1)
ab = z
(
∂aϕ1∂bϕ1 − 12ηab∂cϕ1∂cϕ1
)− (1
6
z + 2
3
ξ)(∂a∂b − ηab✷)ϕ21 ,
T
(ϕ2)
ab = z
(
∂aϕ2∂bϕ2 − 12ηab∂cϕ2∂cϕ2
)− (1
6
z − 2
3
ξ)(∂a∂b − ηab✷)ϕ22 . (7.24)
In the classical approximation where ξ = 0 for the R invariant theory and z = 1, (7.24)
yields c = −1
6
. To higher orders, the coefficient c acquires renormalisation corrections.
This behaviour is known from real ϕ4 theory [16]. It is interesting however that in our
case the energy-momentum tensor contributions for the two real scalar fields ϕ1 and ϕ2
have different renormalised improvement coefficients.
8 Discussion and Conclusion
As far as renormalisation is concerned, the key feature of supersymmetric theories on
curved superspace is that there are two supergravity prepotentials, of which Hαα˙, which
couples to the supercurrent, is Weyl invariant. Moreover the mass term, which for massless
theories appears as an auxiliary term within the Zimmermann approach to renormalisa-
tion, is independent of Hαα˙, such that no additional anomalies arise for two or even more
supercurrent insertions. This is in contrast to the non-supersymmetric case which has
been studied in [16], [17]. Thus for the massless Wess-Zumino model it is straightfor-
ward to obtain Ward identities expressing the superconformal transformation properties
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of Green functions with an arbitrary number of insertions. For the renormalisation of n
supercurrent insertions, the effective action requires counterterms in Hαα˙ up to nth order.
In our approach we have considered all orders in Hαα˙ in general, the counterterms being
fixed by the requirement of diffeomorphism invariance. The only remaining freedom for
the choice of counterterms amounts then to a redefinition of Hαα˙ as a function of itself,
which corresponds to a shift of quasi-local terms between the Green functions and the
Ward identity.
For the case of the superconformal transformation properties of the supercurrent two
point function we have determined the contributions of the purely geometrical supercon-
formal anomalies explicitly. Here the situation is in close analogy to the energy-momentum
tensor two point function in the non-supersymmetric case in the sense that the Gauß-
Bonnet topological density does not contribute to the superconformal transformation. At
the fixed point, the transformation of the two point function is uniquely determined by
the Weyl density in both cases. All geometrical anomalies contribute to the supersym-
metric trace of the three point function D¯α˙z 〈Vαα˙(z)Vββ˙(z1)Vγγ˙(z2)〉, which is present in the
Ward identity obtained without imposing the superconformal constraint D¯α˙Ωα = DαΩ¯α˙
on diffeomorphisms and Weyl transformations.
The approach to double insertions presented here yields scheme-independent results
for the quasi-local terms in the supercurrent two point function in a straightforward
way. These terms appear to be of relevance to discussions of a possible extension of the
Zamolodchikov C theorem to higher dimensions [18]. We hope that our results presented
here, which are valid to all orders of perturbation theory, may be helpful for a general
treatment of such terms. It has to be kept in mind, though, that here we have made use
of some elegant features of supersymmetry as far as renormalisation is concerned.
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A Appendix
A.1 Local Superconformal Ward Operators
Diffeomorphisms (Λ Transformations)
wα
(Λ)(A) = 1
4
DαA
δ
δA
, (A.1.1)
wα
(Λ)(J) = 1
4
DαJ
δ
δJ
− 1
12
Dα
δ
δJ
, (A.1.2)
wα
(Λ)(H) = w(0)α (H) + w
(1)
α (H) + w
(2)
α (H) + O(H
3), (A.1.3)
w(0)α (H) =
1
2
D¯α˙
δ
δHαα˙
, (A.1.4)
w(1)α (H) =
1
4
D¯α˙
(
{Dα, D¯α˙}Hββ˙ δ
δHββ˙
)
+ 1
4
{Dβ, D¯β˙}D¯α˙
(
Hββ˙
δ
δHαα˙
)
+ 1
4
D¯2
(
DαH
ββ˙ δ
δHββ˙
)
, (A.1.5)
w(2)α (H) =
1
8
D¯2{Dγ , D¯γ˙}
(
Hγγ˙DαH
ββ˙ δ
δHββ˙
)
+ 1
24
D¯α˙{Dγ, D¯γ˙}
(
Hγγ˙{Dβ, D¯β˙}
(
Hββ˙
δ
δHαα˙
))
+ 1
12
D¯α˙
(
{Dα, D¯α˙}Hββ˙{Dγ, D¯γ˙}
(
Hγγ˙
δ
δHββ˙
))
+ 1
24
D¯α˙
(
{Dα, D¯α˙}
(
Hγγ˙{Dγ, D¯γ˙}Hββ˙
) δ
δHββ˙
)
. (A.1.6)
Super Weyl Transformations
w(σ)(A) = −A δ
δA
, wα
(σ)(A) = − 1
12
Dα
(
A δ
δA
)
,
w(σ)(J) = δ
δJ
, wα
(σ)(J) = 1
12
Dα
δ
δJ
,
w(σ)(H) = 0 , wα
(σ)(H) = 0 .
(A.1.7)
Combined Transformations
wα(A) =
1
4
DαA
δ
δA
− 1
12
Dα
(
A
δ
δA
)
, (A.1.8)
wα(J) =
1
4
DαJ
δ
δJ
, (A.1.9)
wα(H) = wα
(Λ)(H). (A.1.10)
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A.2 Curvature terms
Here we give the expressions of the curvature tensors Wαβγ , Gαα˙, R, R¯ to first order in
the prepotentials Hαα˙, J and J¯ .
R = D¯2J¯ + 1
3
D¯2{Dα, D¯α˙}Hαα˙ + . . . (A.2.1)
R¯ = D2J − 1
3
D2{Dα, D¯α˙}Hαα˙ + . . . (A.2.2)
Gαα˙ = {Dα, D¯α˙}(J¯ − J) + 12DD¯2DHαα˙
− 1
6
[Dα, D¯α˙][D
β, D¯β˙]Hββ˙ +
1
2
{Dα, D¯α˙}{Dβ, D¯β˙}Hββ˙ + . . . (A.2.3)
Wαβγ = D¯
2{D(α, D¯γ˙}DβHγ)γ˙ + . . . (A.2.4)
W¯α˙β˙γ˙ = D
2{Dγ, D¯(α˙}D¯β˙Hγγ˙) + . . . . (A.2.5)
These satisfy the Bianchi identities
D¯
α˙Gαα˙ =
1
2
DαR (A.2.6)
D
γWαβγ = {Dα, D¯α˙}Gβα˙ + {Dβ, D¯α˙}Gαα˙ . (A.2.7)
A.3 Auxiliary expressions
∆
(2)
αββ˙γγ˙
δδ˙(z; z1, z2)
( • ) = −δδγδδ˙γ˙D¯2{Dβ, D¯β˙} (δ8(z − z1)Dαδ8(z − z2) • )
− 1
3
δδαD¯
δ˙{Dβ, D¯β˙}
(
δ8(z − z1){Dγ , D¯γ˙}(δ8(z − z2) • )
)
− 2
3
δδβδ
δ˙
β˙
D¯α˙
({Dα, D¯α˙}δ8(z − z1){Dγ, D¯γ˙}(δ8(z − z2) • ))
− 1
3
δδγδ
δ˙
γ˙D¯
α˙
({Dα, D¯α˙}(δ8(z − z1){Dβ, D¯β˙}δ8(z − z2)) • )
+
(
(ββ˙, z1)↔ (γγ˙, z2)
)
, (A.3.1)
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Lαα˙ββ˙(z − z1, z − z2) = −43δ8(z − z1)∂αα˙∂ββ˙D¯2δ8(z − z2)
− 4
9
∂αα˙(δ
8(z − z1)∂ββ˙D¯2δ8(z − z2))
+
(
(αα˙, z1)↔ (ββ˙, z2)
)
, (A.3.2)
Maǫ,αα˙ββ˙(z − z1, z − z2) = −2iσaφα˙δ8(z − z1)δWαφǫ,ββ˙(z − z2)
− 4iσaǫγ˙δ8(z − z1)D¯γ˙δGαα˙ββ˙(z − z2)
+ 4
3
iσaγγ˙εαǫδ
8(z − z1)D¯α˙δGγγ˙ββ˙(z − z2)
− 4
9
σaγα˙εαǫδ
8(z − z1)DγD¯2∂ββ˙δ8(z − z2)
+ 8
9
σaαα˙δ
8(z − z1)DǫD¯2∂ββ˙δ8(z − z2)
− 4
9
σaǫα˙δ
8(z − z1)DαD¯2∂ββ˙δ8(z − z1)
+
(
(αα˙, z1)↔ (ββ˙, z2)
)
, (A.3.3)
Nγγ˙αα˙(z − z1, z − z2) = 83δ8(z − z1)δGγγ˙ββ˙(z − z1) , (A.3.4)
where
δWαφǫ,ββ˙(z − z′) ≡
δ
δHββ˙(z′)
Wαφǫ
∣∣∣∣
H=J=0
. (A.3.5)
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